MINIMAL NUMBER OF POINTS WITH BAD 
REDUCTION FOR ELLIPTIC CURVES OVER P 1 
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Abstract. In this work we use elementary methods to discuss the 
question of the minimal number of points with bad reduction over 
Pj. for elliptic curves E/k(T) which are non-constant resp. have 
fvi non-constant j -invariant. 
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1. Introduction 



< , 

^ . It is a well known fact going back to J. Tate (see [Hus04t ch.5, §8]) 

that there are no elliptic curves over Q with good reduction everywhere. 
This was generalized by J.-M. Fontaine [Fon85j to abelian varieties over 
Q. In |Sch05] R. Schoof answers the question about the existence of 
non-zero abelian varieties over Q with bad reduction at just one prime. 

In the case of function fields there are trivial examples of elliptic 
curves with good reduction everywhere coming from elliptic curves over 
the field of constants. Thus it is natural to impose further conditions 
to exclude those trivial examples. 

A. Beauville proves in |Bea81] that every semi-stable elliptic surface 
q ■ S — > Pc has at least four singular fibres. He also showes in this paper 

that every non-isotrivial elliptic surface S — > P^. for k an algebraic 
closed field of characteristic p > 3 has at least three singular fibres by 
applying the Riemann-Hurwitz-Theorem to the induced j-map. In a 
5_i ■ remark he claims that similar methods may be used to prove that there 

are no elliptic curves over A\ with non-constant j-invariant and good 
reduction everywhere in characteristics 2 and 3. 

In this paper we take a more elementary approach to determine the 
minimal number of points with bad reduction over F\ for elliptic curves 
E over k(T), if we require E to be non-constant resp. j(E) (£ k. In 
characteristic different from 2 and 3 a non-constant elliptic curve has at 
least 2 points with bad reduction. If we furthermore demand j(E) ^ k, 
then there are at least 3 points with bad reduction. 

In characteristics 2 and 3 we show that every non-constant elliptic 
curve has at least 1 point with bad reduction. If we further require E 
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to have non-constant j-invariant i.e. j(E) fi k, then we obtain at least 
2 points with bad reduction. By giving examples we will show that the 
obtained bounds are sharp. 

I would like to thank N. Naumann for suggesting this work to me 
and for his mentoring advice as well as R. Schoof for his initiating idea 
towards an elementary solution of the problem. 

2. Notation and conventions 

In this section k denotes an algebraically closed field. Let E be 
an elliptic curve over a function field K/k(T). We call E constant, if 
there exists a Weierstrass equation for E with coefficients in k. We 
say E has constant j -invariant, if j(E) G k. Clearly every constant 
elliptic curve has constant j-invariant. Conversely every elliptic curve 
with constant j-invariant gets constant over some finite extension of 
K. For the following we refer to |Liu02j [ch. 10]. Let S = Spec A be 
an affine Dedekind scheme (of dimension one) with function field K(S) 
and E/K(S) an elliptic curve. We say E has good reduction at s G S, 
if E admits a smooth model over Spec Os, s - 

In the following we will consider affine open subsets S = Spec A C F\ 
and elliptic curves E over K(S) = k(T). Since Pic(v4) = we can 
choose a globally minimal Weierstrass equation W for E over S. Then 
E has good reduction at s G S, if and only if v s (A w ) = 0. Here v s 
denotes the valuation associated to Os, s - 

3. Statement of the results 

Theorem 1. Let k be an algebraically closed field with characteristic 
different from 2 and 3. Further let E/k(T) be an elliptic curve. Then 

(a) there are at least three points with bad reduction overW\, if E has 
non- constant j -invariant 

(b) and at least two points with bad reduction, if E is non-constant. 

The bounds given in (a) and (b) are sharp. 

Theorem 2. Let k be an algebraically closed field of characteristic 2 
or 3 and let E/k(T) be an elliptic curve. Then 

(a) there are at least two points with bad reduction over F\, if E has 
non-constant j -invariant. 

(b) and at least one point with bad reduction, if E is assumed to be 
non- constant. 

The bounds given in (a) and (b) are sharp. 
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4. Proofs 

4.1. Proofs for characteristic different from 2 and 3. In this 
section k denotes an algebraically closed field. We prove the results in 
characteristic different from 2 and 3 by applying Mason's a&c-inequality 
to the discriminant of a globally minimal Weierstrass equation: 

Definition 3. For x G k(T) we call 

(1) H(x):=^2-mm(0,v(x)) 

V 

where the sum is over all canonical valuations on k(T), the height of 
x. For more detailed background we refer to [Mas84, ch. I, VI]. 

Lemma 4 (Mason's ABC-inequality). Let 03 be a finite set of canonical 

valuations v on k{T). Let 71, 72, 73 G k(T) x with 71 + 72 + 73 = and 
such that v(ji) = ^(72) = ^(73) for each valuation v not in QJ. 

(a) If char{k) = 0, we have either ^ G k or 

H I— J < |9J| -2 

(b) If char{k) = p > 0, we have either — £ k(T) p or 

h( — \ < |QJ| -2 

Here H denotes the height function on k{T). Compare [Mas84] [ch. 

I, VI]. 

Proof, see jMas84l P. 14 Lemma 2; P.97 Lemma 10] □ 

Lemma 5. Let k be an algebraically closed field of characteristic differ- 
ent from 2 and 3. For all A,B G k[T, T" 1 ] with A 3 - B 2 G k[T, T' 1 ]* 
we have A,B G fc^rfUJO}. 

Proof. In the following we may assume AB 7^ since otherwise we are 
done. Let A, B G k[T, T" 1 ] such that A 3 - B 2 = aT l for a G k x , I G Z. 
For the polynomials 

A B 



U ■= 7^— 77T' QB 



T v T (A) ' 1* ■ T u T (B) 



let us define: 



V3a ■= {v g -- g G support(gA)} 
^b ■= {v g : g£ support(g B )} 
Since A and B are coprime in k[T, T _1 ] we see 
(2) 2J A n W B = 
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and for QJ := QJ^ U Q3b U {u^, ut} we have: 

(3) |9J| <degg yl + degg i? + 2 

The definition of the height function gives the following estimates: 

(4) h(^-\> ^ -mm(0,u(A 3 )-u(B 2 ))=2degq B 

(5) #(51- E -min(0,z/( J B 2 )-z/(A 3 ))=3degg^ 

(1) Now we first suppose [char(k) = and -^, ^ ^ A;/ or [char(k) = 
p > and -^2, ^3 ^ k(T) p J, so that we may apply Mason's inequality: 

(6) if 0£) < |tf| - 2, ff^<|»|-2 

We get 

©,©,© © 

3degg A + 2degg B < 2(|9J| - 2) < 2degg A + 2degg B 



as well as: 

in „ fA 3 \ © ,._, .. '■»! 



2degg B <H[ — \ < (|9J| - 2) < deg g A + deg g B 



Together this yields deg g# < deg g^ < and from the definition of g^ 

and qs we get A,B G fe[T, T _1 ] x as desired. 

(%) If we have [char(k] = and -§^, ^ G fc/, we get %- G fc. And 
since g^ and g# are coprime as polynomials we have qA,QB £ fe- 

^ The remaining case [char(k) = p > and -^ , jL G k(T) p ] may 

be reduced to the first case. Let s := sup f s : ^ £ k(T) p J. We may 
assume s < oo since otherwise we would have 4? G & and therefore 
A 3 , 75 2 G fc[T, T~ 1 ] x . Since we have ^ £ k(T) pS and since p is different 
from 2 and 3 there are g^, g# and some n > such that: 

q~A pS = Qa, q~B pS = Qb and 3u T (A) - 2v T {B) = np s 

After dividing A 3 - B 2 = aT l by T 2vt ^ we have: 

(q~ A 3 T n - q~ B 2 ) pS = aT l - 2vT ^ 

Multiplying q~A 3 T n — q~B 2 G k[T, T _1 ] x by an appropriate T m such that 
3|(m + n) and 2|ra yields: 

(q A T^) 3 - (q B Tf) 2 e k[T,T-r 
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By the choice of s we have 9A . \ Tm = gA ~T ^ k(T) p and thus the first 
case applies. □ 

Corollary 6. For I G Z and u G k x consider A,Be k[T, T _1 ] with 
A 3 -B 2 = uT l . 

(a) If AB ^ 0, then (A, B) G {(aT 2n , bT 3n ) : a,b G k x n G Z} 
(&) 7/4 = 0, then{A,B) G {(0,6T n ) :6eP,neZ} 
(c) IfB = 0, then (A, B) G {(or", 0) : a G A; x , n G Z} 

Proo/. By LemmaEJwe have A, B G fc[T, T _1 ] x U{0}, say A = aT^, B = 
bT lB with a,b E k, l a , Is G Z. Thus we have an equation of the form: 

a 3 T 3lA - b 2 T 2lB = uT l 

Now the corollary follows from the fact that {T l } ie x is a /c-basis for 

k[T,T- 1 }. D 

Corollary 7. Lei A, B G fe[T] satisfying A 3 — B 2 G fe x . T/ien we /iai> e 
A,BGfc. 

Proof. Setting I — in Corollary [H] we see that the result even holds 
for A, Be k[T,T- 1 } D 

Using the two corollaries above we can prove the main results in all 
characteristics different from 2 and 3. 

Proof of Theorem^ (a). We show that every elliptic curve E/k(T) with 
bad reduction restricted to two points has j(E) G k. Without loss of 
generality we may assume these points to be {0, oo}, so let E/k(T) be 
an elliptic curve with good reduction everywhere over Spec k[T, T -1 ]. 
Since we are in characteristic different from 2 and 3, we can choose for 
E a globally minimal Weierstrass equation over Spec k[T, T~ l ] of the 
form 

W : y 2 = x 3 - 3Ax + 2B 

with A,B G k[T, T -1 ]. Since E has good reduction everywhere over 
Spec k[T,T' 1 ], we have A w = 1728(A 3 - B 2 ) G fc^T- 1 ]*. But this 
is just possible for (A, B) as in Corollary It is easy to see that E has 
constant j-invariant by inserting the results from Corollary into the 
formulaj(£) = r2 3 -^. 

If we remove three points we can just write down an elliptic curve 
with non-constant j'-invariant and good reduction everywhere: □ 

Example 8. The elliptic curve E/k(T) defined by the Weierstrass 
equation in Legendre form: 

W : y 2 =x{x-l){x-T) 
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has j-invariant j(E) = 2 8 t 2 7t-i)2 ' so ^ nas non - cons tant j-invariant. 
From the discriminant Aw = 16T 2 (T — l) 2 we see that W is a globally 
minimal Weierstrass equation for E over ¥\ \ {0, 1, oo} and that it has 
good reduction outside {0, 1, oo}. 

Proof of TheoremU\ (b). Let E be an elliptic curve over k(T). Since 
we are in characteristic different from 2 and 3 we can choose for E 
a globally minimal Weierstrass equation over Ajj. = Spec k[T] of the 
form: 

W : y 2 = x 3 - 3Ax + 2B 

with A, B e k[T]. If E has good reduction everywhere over A^, we have 
A w = 1728(A 3 - B 2 ) e k x , but due to Corollary \7\ this is just possible 
for A, B constant. Thus E is constant. The following example shows 
that there are non-constant elliptic curves, if we allow bad reduction 
in one more point. □ 

Example 9. The elliptic curve E over k(T) defined by 

W: y 2 = x 3 - 3T 2 x 

has j-invariant j = 1728 and discriminant Aw = 1728T 6 . Thus W is 
a globally minimal Weierstrass equation for E over Spec k[T, T _1 ] and 
has good reduction everywhere over P£\{0, oo} since A w G k[T, T _1 ] x . 
It is easy to see that E is non-constant: Suppose we had a Weierstrass 
equation 

y 2 + a\xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 

with constant coefficients. Then a suitable substitution would give us 
a constant two-parameter Weierstrass equation 

W' : y' 2 = x' 3 + ax' + b 

with constant coefficients a, b G k. Comparing the Weierstrass equa- 
tions W and W yields — 3T 2 = au 4 for some u G k(T), which is 
impossible. 

4.2. Proofs for characteristics 2 and 3. In characteristics 2 and 3 
the non-existence of elliptic curves E with good reduction everywhere 
over Aj[, and non-constant j-invariant can be obtained by applying the 
following Lemma to a globally minimal Weierstrass equation of E. 

Lemma 10. Let k be an algebraically closed field of characteristic p > 
0. Let 

(7) f(Y) = Y pr - Y n QT ~ QT +1 Q - c G (k[T\) [Y] 
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with Qi,Q G k[T], Q\ non-constant, c G k x , r,m,n> 1 integers with 
m < p r such that m and n are coprime to p. Then f(Y) has no roots 
in k[T]. 

Proof. Define 

w : k[T] -^ ZU {00} 

g i->- sup ls:g£ k[T] p " \ 

(for non constant g G k[T] we have w(g) < 00). We now prove the 
Lemma by induction over w(Q\). 

As first case we consider s := w(Qi) < r: Let / be an arbitrary poly- 
nomial of the form (j7j) as given in the Lemma with w(Qi) < r. Let us 
further assume we had a solution A G k[T] to f(Y) = 0: 

Av r - c = Q? (A n + QiQ) in k[T] 

From this equation we can see that Qi is coprime to A and thus 
Qi is also coprime to A n + Q\Q. Since A pT — c G k[T] pr we have 
Q™ (A n + QiQ) G k[T] pr . Since k is algebraically closed we obtain 
from (Qi,A n + Q\Q) = 1, that Q™ G A;[T] pr . And since m is coprime 
to p we get Qi G &[T] pr contradicting w{Q\) < r. 

s — 1 — > s: We may assume s > r since s < r has already been 
treated. Suppose we have proven the Lemma for all polynomials Qi 
with w(Qi) < s. Now consider a polynomial / of the form (J7J) as in 
the Lemma with w(Qi) = s. Further assume we had an A G k[T] with 
f(A) = 0: 

A pr -c = QT (A n + QiQ) 

Again since (Qi,A n + Q\Q) = 1 and (m,p) = 1 we have Q\ G k[T] pT . 
Let Qi G k[T] with Q p — Qi, further let c G k such that c pT = c. Thus 
we have: 

Setting g := ~0 and inserting A = c + gQ™ in flBD yields: 

g pr = (c + gQ?T + QiQ 

= c n + nc^gQ™ + f^ ( n j c^tf Qi m + Q?" Q 



™ Q using p r >m 



Thus we have a solution g 6 fc[T] of the equation 
= Y pr -nff^YQ™ - Qy +1 Q - 5 
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which is of the form (J7J) as considered in the Lemma (the constant c' 
doesn't matter since we can pull it into Qi). And because of w(Qi) = 
w (Qi) — r < w{Qi) this solution contradicts the induction hypothesis. 

□ 

This Lemma may be used to prove Part (a) of Theorem [21 i.e. every 
elliptic curve E/k(T) with non-constant j-invariant has at least two 
points with bad reduction. 

Proof of Theorem^ (a) . It suffices to show that there is no elliptic 
curve with non-constant j-invariant and with good reduction every- 
where over AjL Suppose we had such an elliptic curve E. We first 
prove this for characteristic 2. Let 

W : y 2 + a\xy + a^y = x 3 + a 2 x 2 + a^x + a^ 

Oj G k[T] be a globally minimal Weierstrass equation for E over A^,. 
We have: 

a 12 

(9) A w = a 4 + a^al + a\ (a\a & + aia 3 a 4 + a 2 a\ + a 2 A , j(E) = — — 

■>■■■> \ / /\ w 

By our assumptions on E we must have A^y G k x and j(E) ^ k. Then 
j(E) (jz k implies a\ ^ k. But by ([9]) a 3 G k[T] would be a solution to 

Y 4 + a\Y 3 + a 4 (ala 6 + aia 3 a 4 + a 2 a\ + a 2 ) — A w = 

contradicting Lemma [TD] since a 4 ^ k. 

In characteristic 3 we can choose a globally minimal Weierstrass 
equation for E over h\ of the form 

W : y 2 = x 3 + a 2 x 2 + a 4 x + a 6 

aj G fe[T]. Then W has discriminant 

(10) A w = — a\ + 0^4 — a\a§ 

and j-invariant j(-E) = -£*-. By our assumptions on E we must have 

a 6 

A w G fc x as well as j(E) <£ k. And j(-E) = -^- implies a 2 ^ k. But by 
( TTU1) a 4 G fc[T] would be a solution of 

Y 3 - Y 2 a\ + a 3 a 6 + A^ = 

again contradicting Lemma fTUl since a 2 ^ k. 

It remains to give an example of an elliptic curve with non-constant 
j-invariant and bad reduction at just two points: □ 

Example 11. 
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(a) Let k be an algebraically closed field of characteristic 2. Then the 
elliptic curve E/k(T) given by 

W : y 2 + xy = x 3 + x 2 + T 

has discriminant Aw = T and hence W is a globally minimal 
Weierstrass equation for E with bad reduction restricted to {0, oo}. 
The j-invariant of E is 1/T so E has non-constant j'-invariant. 

(b) Let k be an algebraically closed field of characteristic 3. Then the 
elliptic curve E/k(T) given by 

W : y 2 = x 3 + Tx 2 - T 

has discriminant Aw = T 4 and hence W is a globally minimal 
Weierstrass equation with bad reduction restricted to {0, oo}. The 
j-invariant of E is T 2 so E has non-constant j'-invariant. 

Although we do not have in general a two parameter Weierstrass 
equation y 2 = x 3 +Ax+B in characteristics 2 and 3, we can nevertheless 
choose simple equations: 

Proposition 12. Let K be any field of characteristic 2 or 3. 
(a) Let EjK be a elliptic curve given by a Weierstrass equation 

W : y 2 + d\xy + d^y = x 3 + a^ 2 + a 4 x + d6 

Then we can find substitutions to a simpler Weierstrass equation 
W: 

(i) if char K = 3 and j(E) ^ 0: 

W :y 2 = x 3 + a 2 x 2 + a 6 

3 

with Aw = — «2 a 6 and j(E) — — — . The only substitutions 
preserving this form are: x = u 2 x' , y = u 3 y' with u G K x . 
(ii) if char K = 3 and j(E) = 0: 

W : y 2 = x 3 + a^x + a 6 

with Aw = — a\ and j(E) = 0. The only substitutions 
preserving this form are: x = u 2 x' + r, y — u 3 y' with 
u G K x ,r G K. 
(Hi) if char K = 2 and j(E) ^ 0: 

W : y 2 + xy = x 3 + a 2 x 2 + a 6 

with A\y = clq and j(E) = — . The only substitutions pre- 
serving this form are: x — x' , y = y' + sx' with s G K . 
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(iv) if char K = 2 and j(E) = 0: 

W : y 2 + a 3 y = x 3 + a 4 x + a 6 

with A-^r = cig and j(E) = 0. The only substitutions pre- 
serving this form are: x = u 2 x' + s 2 , y = u 3 y' + u 2 sx' + t 
with u G K x and s,t G K. 
(b) If we have K = k(T) in (a) with j(E) G k, then we can even 

choose a globally minimal Weierstrass equation for E over A\ of 

the indicated simple form W as given above. 

Proof. Part (a) is well known and may be proven by just writing down 
explicit substitutions. See for example [Sil86] [Appendix A, Prop. 1.1 
and Proof of Prop. 1.2]. 

Part (b) is an easy consequence of the proof of (a). Therefore start 
with a globally minimal Weierstrass equation for E over A£: 

W : y 2 + dixy + d 3 y = x 3 + a 2 a; 2 + a 4 x + a 6 

with Oj G k[T] and check that the explicit substitutions given in [loc. 
cit.] change the discriminant just by an element in k x and that we still 
obtain coefficients in k[T]. □ 

Corollary 13. Let k be an algebraically closed field of characteristic 
3. Let E/k(T) be an elliptic curve with j(E) G k and good reduction 
everywhere over K\. Then E is already constant, if j(E) ^ 0. 

Proof. This is an immediate consequence of Proposition [TJ] (a)(1)- D 

Part (b) of Theorem [21 which says that every elliptic curve E/k(T) 
with good reduction everywhere is constant, may be proven by direct 
calculations involving Weierstrass equations as in Proposition | 



Proof of Theorem^ (b). Let E be an elliptic curve with good reduction 
everywhere over W\. By the proof of Part (a) we have j(E) G k. Let 
T resp. T _1 be uniformizers at £ Pj, resp. oo G Pj.. We prove the 
Proposition by choosing globally minimal Weierstrass equations for E 
over ¥\ \ {oo} = Spec k[T] as well as for F\ \ {0} = Spec k\T~ 1 ]. Then 
comparing these equations over ¥\ \ {oo, 0} yields substitutions giving 
constant elliptic curves. 

We start with characteristic 3. By Corollary [13] we may assume 
j(E) = and by Proposition [12] (b) we may choose a globally minimal 
Weierstrass equation W for E over Spec k[T] = F\ \ {oo}: 

W : y 2 = x 3 + a^x + a 6 

with a 6 G k[T] and a 4 G k x , since —a\ = A w G k x . We also obtain 
a globally minimal Weierstrass equation W' for E over Spec fc[T _1 ] = 
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K \ {0}: 

W : y — x + a 4 x + a 6 

k 

with a' 4 e k x ,a' 6 E k[T^} say a 6 = £ &iT~\ Since W and W define 

i=0 

the same elliptic curve over fc(T) there exists a change of variables 
between W and W 7 . By Proposition [T2] (a)(ii) such a substitution 
must be of the form y = u 3 y', x = u 2 x' + r for some u,r G ^(T 1 ) . 
Inserting gives further restrictions: 

m 4 = — G A; x , r 3 + a4r — (w 6 a 6 — ae) = 
O4 

In particular we see u G A; x . Applying Gauss's lemma to X 3 + CI4X — 
(w 6 a 6 — ao) = shows that such a r G k(T) must already be in k[T, T^ 1 ], 

n n 

say r = £ r^T 4 G k[T, T -1 ]. By setting r + := £ r i^ J and r_ := 

i=— m i=0 

-1 

J2 r{F l we get: 

i=— m 

{r\ + a 4 r+ - u% + a 6 ) + (r 3 + a 4 r_ - w 6 (a 6 - b )) = 



Sfc[T] gT-ifclT" 1 ] 

Thus we see r\ + a4r + — m 6 6o + «6 = 0, but this means that substituting 
y = y, x = x + r + in W yields a Weierstrass equation W for .E with 
constant coefficients: 

W :y 2 = x 3 + a 4 x + u 6 b 

with a^ & k and m 6 6 G fc, since it, 6 G fc. 

Since the argument in characteristic 2 is similar we will just sketch 
the proof. We first consider the case j(E) 7^ 0. By Proposition [TJ] (b) 
we may choose a globally minimal Weierstrass equation W for E over 
Spec k[T] = F\ \ {00} of the form 

W : y 2 + xy = x 3 + a 2 x 2 + a e 

with a-i G k[T], as G k x (we have a^ = A G k x ), 
as well as for E over Spec fc[T _1 ] = ¥\ \ {0}: 

W : y + x y = x + a 2 x + a 6 

fc 
with a 6 G k x ,a' 2 G fc[T _1 ] say a 2 = £ b{T~ l . A substitution between 

;=o 

W and W' must be of the form y = y' + sx', x = x' for some s G k(T) 
satisfying s 2 + s + a 2 + a' 2 = 0. Applying Gauss's lemma as above we 

n n 

must have s = J2 s iT % G k[T, T -1 ]. By setting s + := J2 s iT l we get 

i=—m i=0 

s 2 , + s + + bo + a>2 = 0, but this means that substituting y = y + s + x, 
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x = x in W yields a Weierstrass equation W for E with constant 
coefficients: 

W : y 2 + xy = x 3 + b x 2 + a 6 

a6 G /c x and 60 G fc. 

Now we consider the case characteristic 2 and j(i?) = 0. Again we 
get globally minimal Weierstrass equations for E over Spec k[T] 

W : y 2 + a 3 y = x 3 + a 4 x + a^ 

with a 3 G A; x and a 4 , a6 G fe[T], as well as for E over Spec fcp^ 1 ] 

W : y' 2 + a' 3 y' = x' 3 + a'^x' + a 6 

with a 3 G fc x and a 4 , ag G fc[T -1 ]. Comparing them over Spec k[T, T _1 ] 
we get a substitution of the form x = u 2 x' + s 2 and y = u 3 y' + u 2 sx' + £ 
with -u, s,t G fc(T) (see Proposition [T21 (a) (iv) ) satisfying: 

mi „» = ^ 

a 3 

(12) s 4 + a 3 s + a 4 + u 4 a 4 = 

(13) t 2 + a 3 t + s 6 + a 4 s 2 + a 6 + u 6 a' 6 = 

In particular ( TTT1) yields m G k x and together with ( fl2l) we get s G 
fe[T, T -1 ]. After substituting y = y + s + x, x = x + s 2 ^ in W a,s well 
as y' = y' + u~ 1 s_x', x' = x' + m -2 ^ 2 , in W 7 we may assume a 4 and a^ 
constant. Then (Tl3l) yields t G fc[T, T -1 ]. One more substitution of the 
form y = y + t + , x = x yields a Weierstrass equation W for E with 
constant coefficients. 

The following examples shows that in both characteristics 2 and 3 
there are non-constant elliptic curves, if we allow bad reduction in one 
point: □ 

Example 14. 

(a) Let k be an algebraically closed field of characteristic 2. Then the 
elliptic curve E/k(T) defined by 

W : y 2 + xy = x 3 + Tx 2 + 1 

has discriminant A^ = 1 and j'-invariant j(E) = 1. From Aw G 
k x = k[T] x we see that the elliptic curve E has good reduction 
everywhere over A£ and a similar computation as done in Example 
M shows that E is non-constant. 

(b) Let k be an algebraically closed field of characteristic 3. Then the 
elliptic curve E/k(T) given by 

W : y 2 = x 3 - x + T 
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with Aw = 1 and j(E) = has good reduction everywhere over 
Aj. and is also non-constant. 
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